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In this paper we consider the diﬀusion-controlled (small Peclet number) growth of an isolated, oblate-
spheroidal (disk-shaped) bubble of constant eccentricity (aspect ratio) in a medium that actively produces
the volatile substance via a distributed source, but does not itself oﬀer signiﬁcant resistance to growth.
Oblate spheroidal bubbles are predicted to grow faster than spherical ones, due to the higher surface area to
volume ratio; yet, bubbles of all eccentricities grow proportionally to the square root of time, as expected
for a diﬀusive process. In the presence of a distributed source, however, the growth time becomes dependent
on the square-root of the source strength, in the limit as the boundary forcing, i.e., the degree of super-
saturation, becomes negligible. Furthermore, we demonstrate that the previously known spherical solution
is contained within the more general spheroidal solution. In addition, we produced new expression to
describe the growth of a disk in terms of the evolution of the radius of a volume-equivalent sphere and
another simple expression relating the growth time of a disk to that of a sphere.
 2003 Elsevier Inc. All rights reserved.1. Introduction
This paper presents a model for the diﬀusion-controlled growth of isolated, disk- or lens-shaped
bubbles (oblate spheroids) of constant eccentricity in a medium that contains an evenly distributed
source of the volatile solute. Our interest in oblate bubbles has been spurred by their wide* Corresponding author. Address: Department of Oceanography, Dalhousie University, Halifax, Nova Scotia,
Canada B3H 4J1. Fax: +902-494-3877.
E-mail address: bpboudre@is.dal.ca (B.P. Boudreau).
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Nomenclature
a equatorial radius of the oblate spheroid [m]
A independent function used in the separation of variables in Eq. (7)
Ae surface area of the oblate spheroid [m2]
b half thickness of the oblate spheroid [m]
B independent function used in the separation of variables in Eq. (7)
c half the distance between foci of the oblate spheroid [m]
C independent function used in the separation of variables in Eq. (7)
Cnm constant determined by the boundary conditions and introduced in Eq. (15),
m ¼ 1; 2; 3; 4 [M]
dS bubble surface element [m2]
D diﬀusion coeﬃcient [m2/s]
Ecc aspect ratio ¼ a=b [dimensionless]
G grouping symbol deﬁned in Eq. (34a) [m2/s]
H grouping symbol deﬁned in Eq. (34b) [1/s]
k RgT divided by Henrys law constant [dimensionless]
k0 mass transfer coeﬃcient [m/s]
n degree of Legendre polynomials
n unit vector normal to the bubble surface
Pn, Qn Legendre polynomials of degree n
Req radius of sphere having the same volume as oblate spheroid [m]
Rg gas constant [Pa/KM]
Rinitial initial bubble radius [m]
R1 radius of outer boundary beyond which the medium is unaﬀected by the presence of a
bubble [m]
S rate of gas production in medium surrounding oblate spheroid [M/s]
t time [s]
te, ts growth time for an oblate spheroid and spherical bubble, respectively [s]
T temperature [K]
Vb volume of oblate spheroid [m3]
x Cartesian coordinate
X grouping symbol deﬁned in Eq. (26) [M]
y Cartesian coordinate
Y grouping symbol deﬁned in Eq. (27) [M]
z Cartesian coordinate
Greek symbols
a oblate spheroidal coordinate
a0 the value of the a-coordinate at the bubbles surface
a1 the value of the a-coordinate at surface beyond which the medium is unaﬀected by the
presence of a bubble
b oblate spheroidal coordinate
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/ oblate spheroidal coordinate
k intermediate variable used in Eq. (11)
l intermediate variable used in Eq. (12)
m separation dummy constant used in Eqs. (9) and (10)
w concentration of dissolved gas in the medium surrounding the bubble [M]
wg concentration of gas in the bubble [M]
ws contribution of the source to the concentration of dissolved gas in the medium sur-
rounding the bubble [M]
w0 concentration of dissolved gas in the medium surrounding the bubble neglecting
contribution of source [M]
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important consequences for oﬀshore construction, predicting toxic chemical transport, and the
interpretation of acoustic bottom images. In addition, these ﬂattened, sub-vertical bubbles have
been reproduced, via gas injection in the laboratory, in both marine sediment samples and con-
centrated gelatin [1]. We believe that the oblate shape of these bubbles is dictated by the mechanical
response of the elastic medium in which they grow; this fact does not mean, however, that the
mechanics of the medium must be included in a model that attempts to predict growth times.
Speciﬁcally, Gardiner et al. [3] (see their Fig. 8A) show that a diﬀusion-controlled, constant ec-
centricity model provides a good approximation for the growth times of such bubbles, even if details
of the evolution of the shape and possible arrested growth cannot be reproduced. It is expected that
the model given below will ﬁnd other applications outside the experiences of the authors.
To the best of our knowledge, past models of bubble growth in stagnant media have universally
assumed a spherical bubble shape [4–24], although mass transfer to a non-spherical bubble in
extensional and creeping ﬂow has been studied [25,26]. Moreover, none of these previous models
consider the eﬀects of a surrounding distributed constant (zeroth order) source of the volatile on
bubble growth, which is an essential element to sedimentary bubble formation, although Sub-
ramanian and Chi [14] do consider the eﬀect of a ﬁrst-order sink on dissolution of a bubble. In the
present paper we model the diﬀusive growth of a bubble that is surrounded by a medium of ﬁnite
extent that oﬀers no resistance on the time scale of bubble growth, but does contain a distributed
source of the volatile solute. To this end, we solve the diﬀusion equation with a surrounding
source in oblate spheroidal coordinates, whilst assuming that the bubble maintains constant as-
pect ratio (eccentricity) during growth. Throughout this paper, we refer to this diﬀusion-limited,
constant-eccentricity growth model by the acronym DLCE. We also derive relatively simple
formulas to describe the growth in terms of the radius of a spherical bubble of equivalent volume.2. Diﬀusion and reaction in oblate spheroidal coordinates
2.1. The diﬀusion-reaction equation
To begin we assume that a seed bubble already exists in an otherwise homogeneous
medium, such that nucleation processes may be ignored. Furthermore, we make use of the
820 B.S. Gardiner et al. / Appl. Math. Modelling 27 (2003) 817–829diﬀusion-reaction equation to supply gas for bubble growth. Since the bubbles of interest are disk-
shaped, a convenient choice for the geometry of the system is the oblate spheroidal coordinate
system, e.g., Lebedev [27]. The bubble is grown in a stagnant medium and suﬃciently slowly such
that the concentration ﬁeld next to the bubble can readily adjust to maintain a quasi-steady state
conﬁguration; therefore, our treatment and results are limited to the case of small Peclet numbers,
Pe  urL=D, where ur is the radial velocity component, L is a characteristic length and D is the
eﬀective diﬀusivity of the volatile in the surrounding medium. A small Peclet number means that
the inertial term can be ignored in the conservation equation. For example, for sedimentary
bubbles, the velocity ur can be equated to the bubble growth rate; empirical evidence, as well as
other modelling results [3,24], indicate that these rates are of the order of 1 cm per week
(1 106 cm/s), L is the maximum radius of a spherical bubble of equivalent volume, Req  0:5
cm, and D is close to 5 106 cm2/s, so that Pe is at most 0.1, and the approximation is valid in our
marine case.
The quasi-steady state concentration of a solute, w, with a constant distributed gas source S and
diﬀusion coeﬃcient D of the volatile solute, is given byDr2wþ S ¼ 0 ð1Þwhere r2 is the Laplacian operator, as given by Lebedev [27]. This equation is subject to
boundary conditions stated further below.2.2. Solution to the diﬀusion-reaction equation
Because the governing diﬀerential equation is linear, we can follow the technique provided by
Lebedev [27] for the gravitational attraction of a homogenous solid spheroid and write w as the
sum of a solution without the source and a particular contribution from the source, i.e.,w ¼ w0 þ ws ð2Þsuch that these solutions satisfy the two partial diﬀerential equationsr2w0 ¼ 0 ð3Þ
r2ws ¼ 
S
D
ð4ÞThe problem is thus reduced to solving independently Eqs. (3) and (4) in the oblate spheroidal
coordinate system.
The oblate spheroidal coordinates can be deﬁned by the following transformations with the
more familiar Cartesian coordinates ðx; y; zÞ:x ¼ c coshðaÞ sinðbÞ cosð/Þ 06 a61 ð5aÞy ¼ c coshðaÞ sinðbÞ sinð/Þ 06 b6 p ð5bÞ
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Fig. 1. Illustration of the oblate spheroidal coordinate system through cross-sections of a-surfaces. Note these a-
surfaces are symmetrical with respect to / rotation. The oblate spheroid focal points are at ð1; 0; 0Þ, i.e., c ¼ 1.
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where the foci of the ellipsoid are at ðc; 0; 0Þ, see Fig. 1.
Lebedev [25] states that the solution to Eq. (4) isws ¼ 
S
4D
ðx2 þ y2Þ ¼  Sc
2
4D
cosh2ðaÞ sin2ðbÞ ð6Þhence attention can now be turned to the solution of Eq. (3).
In oblate spheroidal coordinates, Eq. (3) can be written1
cosh a
o
oa
cosh a
ow0
oa
 
þ 1
sinb
o
ob
sin b
ow0
ob
 
þ 1
sin2 b

 1
cosh2 a

o2w0
o/2
¼ 0 ð7ÞEq. (7) is separable by writing w0ða;b;/Þ ¼ AðaÞBðbÞCð/Þ to obtain
1
A cosh a
d
da
cosh a
dA
da
 
þ 1
B sinb
d
db
sinb
dB
db
 
þ 1
C
1
sin2 b

 1
cosh2 a

d2C
d/2
¼ 0 ð8ÞRotational symmetry requires that the solution be independent of /, which is equivalent to
setting C ¼ 1. Because the remaining ﬁrst and second terms of Eq. (8) are independent of each
other, it follows that each is equal to a constant. For convenience, this constant is written as
mðmþ 1Þ; therefore, the ﬁrst and second terms separate into the following two equations1
cosh a
d
da
cosh a
dA
da
 
 mðmþ 1ÞA ¼ 0 ð9Þ
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sin b
d
db
sin b
dB
db
 
þ mðmþ 1ÞB ¼ 0 ð10ÞBy deﬁning the new variables k ¼ i sinhðaÞ and l ¼ cosðbÞ, where i ¼ ð1Þ1=2, Eqs. (9) and (10)
becomed
dk
ð1 k2Þ dA
dk
þ mðmþ 1ÞA ¼ 0 ð11Þ
d
dl
ð1 l2ÞdB
dl
þ mðmþ 1ÞB ¼ 0 ð12ÞEqs. (11) and (12) are Legendres equations with general solutionsA ¼
X1
n¼0
An1Pnði sinhðaÞÞ½ þ An2Qnði sinhðaÞÞ ð13Þ
B ¼
X1
n¼0
Bn1PnðcosðbÞÞ½ þ Bn2QnðcosðbÞÞ ð14Þwhere Pn and Qn represent Legendre polynomials of degree n (see for example Jeﬀrey [28]), and
An1, An2, Bn1, Bn2 are constants. Hencew0 ¼
X1
n¼0
½Cn1Pnði sinhðaÞÞPnðcosðbÞÞ þ Cn2Qnði sinhðaÞÞPnðcosðbÞÞ
þ Cn3Pnði sinhðaÞÞQnðcosðbÞÞ þ Cn4Qnði sinhðaÞÞQnðcosðbÞÞ ð15Þ
where Cn1, Cn2, Cn3, and Cn4, are constants determined from the boundary conditions for the
problem (see below).
Substituting Eqs. (6) and (15) into Eq. (2), the general solution for solute concentration about
a growing oblate spheroid is found to bew ¼  Sc
2 cosh2ðaÞ
6D
½P0ðcosðbÞÞ  P2ðcosðbÞÞ
þ
X1
n¼0
½Cn1Pnði sinhðaÞÞPnðcosðbÞÞ þ Cn2Qnði sinhðaÞÞPnðcosðbÞÞ
þ Cn3Pnði sinhðaÞÞQnðcosðbÞÞ þ Cn4Qnði sinhðaÞÞQnðcosðbÞÞ ð16Þ2.3. Boundary conditions
The boundary conditions are similar to those employed by previous models for spherical
bubble growth, but modiﬁed for the new geometry. At the bubble surface, we have thatw ¼ kwg a ¼ a0 ð17Þ
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within the bubble, assumed constant as in Refs. [4–24], and a0 is the value of a at the bubbles
surface. At a far, but ﬁnite, distance from the bubble, its inﬂuence on the concentration ﬁeld
disappears,w ¼ w1 a ¼ a1 ð18Þwhere a1 is the value of a at a distance R1 far enough away from the bubble for the surrounding
medium to be unaﬀected by the presence of the bubble, and w1 is the dissolved gas concentration
in the region beyond a1. To clarify this statement, a1 is chosen to be suﬃciently large (see Fig. 1)
that the outer boundary of the model (medium) is essentially a sphere of radius R1.
Because we are solving a problem for a free (unknown) boundary, an additional boundary
condition is required; this condition takes the form of the mass conservation condition for the
bubble itself, i.e.,dðVbwgÞ
dt
¼ D
Z
ðrw  nÞa¼a0dS ð19Þwhere r is the gradient operator, n is the outward normal to the bubble surface S, and Vb is the
bubble volume, which can be expressed asVb ¼ 4pc
3
3
sinhða0Þ cosh2ða0Þ ¼ 4p
3
a2b ð20Þwhere 2a and 2b are the diameter and thickness of an oblate spheroid, respectively. The left-hand
side of Eq. (19) is the change in the bubble mass with time, while the right-hand side constitutes
the total diﬀusive ﬂux across the bubble surface. Note that, the bubble aspect ratio is deﬁned as
Ecc ¼ b=a; thus, for a spherical bubble, Ecc ¼ 1. From the coordinate transformation, Eq. (5), the
bubble aspect ratio is related to a0 byEcc ¼ tanhða0Þ ð21Þ2.4. Implementation of boundary conditions
Using the boundary conditions given by Eqs. (17) and (18) and collecting like terms in b, the
constants in Eq. (16) can be assigned the following valuesC01 ¼ kwg þ
Sc2
6D
cosh2ða0Þ  C02Q0ði sinhða0ÞÞ ð22aÞ
C02 ¼
kwg  w1 þ

Sc2=6D

cosh2ða0Þ  cosh2ða1Þ
 
Q0ði sinhða0ÞÞ  Q0ði sinhða1ÞÞ ð22bÞ
C21 ¼ Sc
2
6D
cosh2ða0ÞQ2ði sinhða1ÞÞ  cosh2ða1ÞQ2ði sinhða0ÞÞ
 
P2ði sinhða1ÞÞQ2ði sinhða0ÞÞ  P2ði sinhða0ÞÞQ2ði sinhða1ÞÞ ð22cÞ
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2=6DÞ cosh2ða0Þ þ C21P2ði sinhða0ÞÞ
Q2ði sinhða0ÞÞ ð22dÞFurthermore, Cn1 ¼ Cn2 ¼ 0 for all n 6¼ 0 or 2, and Cn3 ¼ Cn4 ¼ 0. In these equations, we also have
[28] thatP0ði sinhðaÞÞ ¼ 1 ð23aÞ
P2ði sinhðaÞÞ ¼  3
2
sinh2 a 1
2
ð23bÞ
Q0ði sinhðaÞÞ ¼ 1
2
ln
1þ i sinhðaÞ
1 i sinhðaÞ
 
¼ i arctanðsinhðaÞÞ ð23cÞ
Q2ði sinhaÞ ¼  1
2
1þ 3 sinh2ðaÞ
2
ln
1þ i sinhðaÞ
1 i sinhðaÞ
 
þ 3i sinhðaÞ

¼  i
2
ð1 þ 3 sinh2ðaÞÞ arctanðsinhðaÞÞ þ 3 sinhðaÞ
ð23dÞNote that, because P2ði sinhðaÞÞ is purely real and Q0ði sinhðaÞÞ and Q2ði sinhðaÞÞ are purely
imaginary, the solution for the solute concentration, Eq. (16) is real.
In oblate spheroidal coordinates, the total surface ﬂux is given byZ
ðrw  n_Þa¼a0dS ¼ c coshða0Þ
Z p
p
Z p
0
sinðbÞ ow
oa
				
a¼a0
dbd/ ð24ÞThis last equation contains the concentration gradient normal to the bubble surface, which can be
calculated by diﬀerentiating Eq. (16), i.e.,ow
oa
				
a¼a0
¼ X þ YP2ðcosðbÞÞ ð25ÞwhereX ¼  Sc
2
6D
sinhð2a0Þ þ C02 dQ0ði sinhðaÞÞ
da
				
a¼a0
ð26Þ
Y ¼ Sc
2
6D
sinhð2a0Þ þ C21 dP2ði sinhðaÞÞ
da
				
a¼a0
þ C22 dQ2ði sinhðaÞÞ
da
				
a¼a0
ð27ÞSubstitution of Eqs. (24) and (25) into Eq. (19) gives the equation for the change in bubble mass
with time,dðVbwgÞ
dt
¼ 2pcD coshða0Þ
Z p
0
sinðbÞ X½ þ YP2ðcosðbÞÞdb ð28Þor, upon integrating the right-hand side of Eq. (28),
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dt
¼ 4pcDX coshða0Þ ð29Þ
where the integral of the Y term disappears becauseZ p
0
P2ðcosðbÞÞ sinðbÞdb ¼ 0 ð30Þand hence the constants C21 and C22 play no part in the solution of oblate spheroidal bubble
growth.
Clift et al. [29] provide expressions for the conductance of various shaped particles in an inﬁnite
stagnant medium without a distributed source by treating the mass transfer to a particle as being
analogous to the electrostatic problem of a charged conductor located in a charge-free homo-
geneous dielectric material. The conductance was deﬁned as k0Ae=D, where k0 is the mass transfer
coeﬃcient, Ae is the surface area of the particle, and conductance has the unit of length. The
expression provided by Clift et al. [29] wask0Ae
D
¼ 4pa
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 E2cc
p
arccosðEccÞ ð31ÞEq. (31) is a special case of Eq. (29) and may be obtained from (29) by setting S ¼ 0 and applying
the limit coshða0Þ  coshða1Þ.3. Diﬀusion-limited, constant eccentricity bubble growth
The simplest model for bubble growth assumes that diﬀusion limits the growth of a bubble of
constant aspect ratio, designated DLCE. In this scenario, wg is assumed to be constant
throughout bubble growth. This is an assumption commonly made in past literature for spherical
bubbles [4,24,30] and is acceptable if the eﬀects of surface tension are negligible [24] and if the rate
of gas transfer to the bubble is small in comparison to the bubble-size relaxation rate (hence
diﬀusion limited). Results using DLCE are directly comparable to the large volume of literature
on diﬀusion-limited growth of spherical bubbles. For the DLCE approach, bubble growth is
described bydReq
dt
¼ DX
wgReqE
1=3
cc
¼ G
Req
 HReq ð32Þwhere Req is the equivalent radius of a spherical bubble having the same volume as the ellipsoid.
Eq. (32) is obtained by substitutingReq ¼ E1=3cc c coshða0Þ ¼
c sinhða0Þ
E2=3cc
ð33Þinto Eqs. (20) and (29). The functions G and H , in Eq. (32), are deﬁned asG ¼ D
wg
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 E2cc
p
E1=3cc arccosðEccÞ
SR21
6D

þ w1  kwg

ð34aÞ
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3wg
1
"
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 E2cc
p
2Ecc arccosðEccÞ
#
ð34bÞIt can be shown [31] that the complete solution to Eq. (32) isReq ¼ GH

 G HR
2
initial
 
e2Ht
H
1=2
ð35Þwhere Rinitial is the equivalent bubble radius at time t ¼ 0.
At ﬁrst glance it would appear that bubbles are predicted, by Eq. (35), to grow to a constant
equivalent radius, ðG=HÞ1=2. In fact, Eq. (35) ceases to be valid long before the bubble can grow to
this constant radius, as the bubble will have outgrown the outer boundary R1. (Other assumptions
may also be violated in this limit.) The region under which Eq. (35) is valid isReq
E1=3cc
< R1 ð36ÞAlternatively, the solution to Eq. (29) can be written in a simpler form by using the approxi-
mation that the left-hand side of the inequality in Eq. (36) is much smaller than the right-hand
side. This is the ellipsoidal form of the common approximation evoked by previous authors for
spherical bubbles [24] and results in Eq. (29) being simpliﬁed todReq
dt
¼ G
Req
¼ D
Reqwg
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 E2cc
p
E1=3cc
SR21
6D
þ w1  kwg
 
arccosðEccÞ ð37Þwith solutionReq ¼ 2Dwg
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 E2cc
p
E1=3cc
SR21
6D
þ w1  kwg
 
arccosðEccÞ t þ R
2
initial
2
664
3
775
1=2
ð38ÞEq. (38) predicts that all bubble growth is proportional to t1=2. The t1=2 dependency has been noted
previously for spherical bubbles [4,24] and in other systems [30,32,33] and is a property of dif-
fusion-controlled systems. Furthermore, it is predicted that for ðSR21Þ=ð6DÞ 	 jw1  kwgj, bubbles
growth is proportional to S1=2. Fig. 2 displays the growth of a bubble with time as a function of
aspect ratio and source strength. It is seen that disk-shaped bubbles (Ecc < 1) grow at a much
faster rate than spherical bubbles (Ecc ¼ 1) and that the growth rate increases, as expected, with
the source strength.
Upon inspection of Eq. (38), it is clear that the spherical bubble solution ðEcc ! 1Þ, obtained by
previous authors, is contained within this more general oblate spheroidal formulation, i.e.R ¼ 2D
wg
SR21
6D
"
þ ðw1  kwgÞ

t þ R2initial
#1=2
ð39Þwhere R denotes the radius of a spherical bubble.
02
4
6
8
10
12
14
0.0001 0.001 0.01 0.1 1
G
ro
w
th
 ti
m
e 
of
 a
 s
ph
er
e 
re
la
tiv
e 
th
e 
gr
ow
th
 ti
m
e 
of
 a
n 
el
lip
so
id
.
Aspect ratio, E
cc
Fig. 3. A comparison between the time taken for a spherical bubble to reach a given radius and an ellipsoidal bubble to
reach the same equivalent radius for a range of aspect ratios, according to Eq. (40).
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divided by wg) as predicted by Eq. (38) for the case SðR1Þ2=ð6DÞ 	 jw1  kwgj. Note that, following Eq. (36), plots are
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other factors remain equal. In fact, by dividing Eq. (38) by Eq. (39), we can write an equation to
compare the time taken for a spherical bubble and a disk-shaped bubble to reach the same
equivalent radius, i.e.,ts
te
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 E2cc
p
E1=3cc arccosðEccÞ
ð40Þ
828 B.S. Gardiner et al. / Appl. Math. Modelling 27 (2003) 817–829where ts and te denote the growth time for a spherical and disk-shaped bubble, respectively. The
faster growth time for an oblate bubble predicted by Eq. (40) is illustrated in Fig. 3 as a function
of its aspect ratio.4. Conclusion
An analytic model to predict the growth of disk-shaped bubbles has been produced based on
the solution to the diﬀusion-reaction equation in oblate spheroidal coordinates. The model pre-
dicts the growth behavior of a constant aspect-ratio disk-shaped bubble that is supplied with gas
from both a distributed source of the volatile and an externally forced solute gradient, such as can
occur in sediments and other media, when such media do not oﬀer signiﬁcant resistance to growth.
Bubble growth is predicted to be dependent on the square root of both the source strength and
time. Oblate bubbles can grow signiﬁcantly faster than spherical bubbles, due to the eﬀect of the
increased surface-area-to-volume ratio.References
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